We consider a bifurcation that occurs in some two-dimensional vector fields, namely a codimension-one bifurcation in which there is simultaneously the creation of a pair of equilibria via a steady state bifurcation and the destruction of a large amplitude periodic orbit. We show that this phenomenon may occur in an unfolding of the saddle-node/pitchfork normal form equations, although not near the saddle-node/pitchfork instability. By construction and analysis of a return map, we show that the codimension-one bifurcation emerges from a codimension-two point at which there is a heteroclinic bifurcation between two saddle equilibria, one hyperbolic and the other nonhyperbolic. We find the same phenomenon occurs in the normal form equations for the hysteresis/pitchfork bifurcation, in this case arbitrarily close to the instability, and show there are restrictions regarding the way in which such dynamics can occur near pitchfork/pitchfork bifurcations. These conclusions carry over to analogous phenomena in normal forms for steady state/Hopf bifurcations.
Introduction
The interaction between steady state and Hopf bifurcations arises naturally in two-parameter dynamical systems. In appropriate regimes the interaction is associated with the birth of a twotorus of quasiperiodic solutions [Langford, 1979] , and this in turn disappears in a complicated sequence of local and global bifurcations that is organized by a pair of heteroclinic tangencies [Kirk, 1991 [Kirk, , 1993 . In certain steady state/steady state interactions, i.e. saddle-node/pitchfork, pitchfork/ pitchfork, transcritical/pitchfork and hysteresis/ pitchfork, a similar mechanism results in the appearance of a periodic orbit, and this orbit also disappears via local and global bifurcations. In fact, within normal form theory these two types of problem are identical with, for instance, the saddlenode/Hopf bifurcation described (after decoupling of the angular variable) by essentially the same normal form as the saddle-node/pitchfork bifurcation, as discussed further below.
Steady state/Hopf and steady state/pitchfork interactions have been extensively investigated in applications, in an attempt to elucidate the origin of observed complex dynamics. Of these, the best known example is provided by the short TaylorCouette system with stationary outer cylinder and either stationary [Mullin et al., 1987] or corotating endplates [Mullin, 1991] . In this system one finds experimentally an interaction between a saddlenode bifurcation on a branch of axisymmetric Taylor vortices and a pitchfork bifurcation that breaks reflection symmetry in the transverse midplane; this interaction is responsible for the appearance of unexpected low-frequency axisymmetric oscillations that have been observed in the experiments [Mullin et al., 1987] .
Recent work on natural doubly diffusive convection in three dimensions provides another example. Here, the first instability is to transverse rolls, i.e. rolls aligned with the imposed horizontal temperature and concentration gradients. These bifurcate in a transcritical bifurcation from the rest state, and are stabilized at large amplitude in a saddle-node bifurcation. However, depending on the aspect ratio of the cavity the transverse rolls can undergo a pitchfork bifurcation to states with a fundamentally longitudinal structure. If this pitchfork falls below the saddle-node bifurcation the transverse rolls are never stable, and instead the first stable nontrivial state of the system is a nearly heteroclinic (i.e. low frequency) oscillation [Bergeon & Knobloch, 2002] . Depending on the nature of the eigenvalues at the equilibria connected by this oscillation (i.e. the unstable transverse states) this oscillation may be chaotic.
A slightly more involved example is provided by convection in a binary mixture, this time heated from below, when periodic boundary conditions are imposed in the horizontal. This system exhibits an interaction between a saddle-node bifurcation involving two group orbits of equilibria and a paritybreaking bifurcation from one of them. The latter is a symmetry-breaking pitchfork bifurcation that leads to drift along the group orbit, i.e. to traveling waves; due to translation (rotation) invariance the equation for the drift decouples, and the system is therefore also described by the normal form for a saddle-node/pitchfork interaction. The periodic orbit produced in this interaction corresponds to a modulated traveling wave in the original system, and disappears in a global bifurcation as discussed further by Moore [1990, 1991] . The resulting dynamics have been observed in partial differential equations as well [Cox et al., 1992] .
Binary mixtures in a laterally bounded domain provide a yet more complicated example, an interaction between a saddle-node bifurcation and a symmetry-breaking Hopf bifurcation on a branch of time-dependent reflection-symmetric states called "chevrons". The latter produces twofrequency states called "blinking states". The interaction leads to the appearance of a three-frequency state called a "repeated transient". The properties of this state are well documented both experimentally [Kolodner, 1993] and numerically [Batiste et al., 2001] . In particular, the repeated transient can be the first nontrivial stable state of this system as the thermal forcing is raised. Although this example is at first sight complicated, in the absence of resonance phenomena among the different frequencies it is in fact also described by the normal form for a saddle-node/pitchfork interaction [Batiste et al., 2001] .
We have seen that the interaction between a saddle-node bifurcation and a pitchfork bifurcation can arise in a variety of different guises. Gavrilov [1978] and independently Guckenheimer [1981] studied the resulting behavior in the context of the saddle-node/Hopf interaction and observed that in normal form the dynamics near the interaction point exhibit, in appropriate regimes, a global bifurcation that produces a heteroclinic connection between two equilibria. Chaotic dynamics are observed near this bifurcation once terms breaking the normal form symmetry are included, as discussed by Guckenheimer [1981] and in more detail by Gaspard [1993] and Kirk [1991 Kirk [ , 1993 . Such terms will always be present in applications, although in practice the chaos associated with the resulting splitting between stable and unstable manifolds may occur only in very thin regions in parameter space, and may be hard to observe. Wittenberg and Holmes [1997] have investigated in detail the applicability of this type of normal form analysis to the Brusselator model of reaction-diffusion systems, quantifying the regime of applicability of the theory and indicating simple extensions of the theory that enlarge this region. In fact in many applications the significance of a steady state/Hopf bifurcation lies in the fact that it serves as an organizing center for bifurcations that exist over a large range of parameter values. For example, in the calcium wave model of Sneyd et al. [2000] solitary traveling wave solutions correspond to homoclinic orbits of an equilibrium in the associated traveling wave ordinary differential equations, and such homoclinic orbits are organized in part by a saddle-node/Hopf bifurcation. The resulting waves are unstable near the codimension-two point but acquire stability further away from it.
In this note we examine in greater detail the properties of some global bifurcations associated with steady state/pitchfork bifurcations.
Specifically, we are interested in the formation of a heteroclinic orbit connecting two saddle points, one of which is hyperbolic while the other is nonhyperbolic, in the case that the unstable manifold of the hyperbolic equilibrium coincides with the strong stable manifold of the nonhyperbolic equilibrium. As explained further below, this phenomenon is of codimension two, and we refer to it as a steady state/heteroclinic bifurcation. An example is seen in the equationṡ
where (λ, µ) are unfolding parameters, and a and ε are O(1) positive constants. These equations arise as an unfolding of a cubic truncation of the normal form equations for the saddle-node/Hopf bifurcation, after converting to polar coordinates and decoupling the angular variable. The saddlenode/Hopf bifurcation occurs at λ = µ = 0 and the dynamics associated with these equations for λ and µ small, where the normal form reduction is valid, is well understood, and is described in standard texts such as Guckenheimer and Holmes [1986] and Kuznetsov [1998] . The decoupling of the angular variable is possible because of an S 1 symmetry that is introduced into the equations during reduction to normal form; this symmetry is not in general present in the original system containing the saddle-node/Hopf (or other steady state/Hopf) bifurcation(s). In the following we work with the reduced (two-dimensional) system, and defer until Sec. 5 a discussion of the way our results apply to systems that contain steady state/Hopf bifurcations but lack S 1 symmetry. In the form (1) the normal form resembles the normal form for a saddle-node/pitchfork bifurcation, although here r is an amplitude and so is always positive. Thus the two branches of the pitchfork are not distinct, but are related by evolution through half a period in the original three-dimensional system. With this warning we refer to the codimension-two instability at (λ, µ) = (0, 0) in (1) as a saddle-node/pitchfork bifurcation. By allowing the parameters λ and µ to take on all real values we can study the dynamics associated with Eqs. (1) away from the saddle-node/pitchfork bifurcation at the origin of parameter space. While this will not yield information about the normal form dynamics for the instability at (λ, µ) = (0, 0) it does provide a context in which the steady state/heteroclinic bifurcation can be studied. The bifurcation set and phase portraits for Eqs. (1) are given in Fig. 1 . All the bifurcation curves shown in this figure can be found analytically except for the curve of heteroclinic bifurcations, which is found numerically. Melnikov-type analysis can be used in an appropriate limit to calculate the slope of the heteroclinic bifurcation curve at (λ, µ) = (0, 0) (see, e.g. [Guckenheimer & Holmes, 1986] ) but numerical calculations are needed to extend this bifurcation curve as shown.
Several features of this bifurcation set are important for the discussion in this note. Observe first that there are two lines of saddle-node bifurcations of fixed points, one at µ = 0 and one at µ = 4/27ε 2 ≈ 0.926. Second, in addition to the saddlenode/pitchfork bifurcation at (λ, µ) = (0, 0), there is a second saddle-node/pitchfork bifurcation at (λ, µ) = (2a/3ε, 4/27ε 2 ) ≈ (5, 0.926), labeled C in Fig. 1 . Third, the curve of heteroclinic bifurcations emanating from the origin appears to terminate on the line µ = 4/27ε 2 , at λ ≈ 1 for values of a and ε used to produce the figure. In fact, numerical integration of the equations becomes very difficult in this region of parameter space, and it is not possible to determine from numerics alone whether the curve of heteroclinic bifurcations terminates on the line of saddle-node bifurcations or follows it closely all the way to the saddle-node/pitchfork bifurcation at C. Topological considerations guarantee that the two curves cannot cross.
The aim of this note is to investigate further the possible termination of the curve of heteroclinic bifurcations. In Sec. 2 we prove that in the case of Eqs. (1) the heteroclinic bifurcation curve does indeed terminate on the saddle-node bifurcation line at λ < (2a/3ε). Then in Sec. 3 we use a return map construction to study an unfolding of the codimension-two bifurcation that occurs at the termination point. At this point there is a heteroclinic connection from a hyperbolic saddle to a nonhyperbolic saddle and another connection from the nonhyperbolic saddle back to the hyperbolic saddle. The first connection is structurally unstable but the second is assumed to be structurally stable since it lies on the axis r = 0 which is dynamically invariant within the normal form equations. In the unfolding we find a codimension-one bifurcation curve, emanating from the codimension-two point, on which a pair of equilibria is created in a saddlenode bifurcation simultaneously with the destruction of a large amplitude periodic orbit, much as occurs in the familiar "sniper" bifurcation [Kuznetsov, Here and in all the phase portraits that follow r is plotted horizontally and z vertically. The dashed lines labeled I and II indicate one-parameter cuts used to draw the bifurcation diagrams in Fig. 6 . See [Kirk, 1991] for more details.
1998, Sec. 7.1]. The existence of such a codimensionone bifurcation is consistent with numerical results on Eqs.
(1). Related codimension-one phenomena (i.e. periodic orbits destroyed in a codimensionone manner at a steady state bifurcation, or heteroclinic bifurcations involving nonhyperbolic equilibria) have been seen in other two-dimensional vector fields as well [Langford, 1983; Dangelmayr et al., 1985; Sturis & Brøns, 1997; Krauskopf & Rousseau, 1997; Zimmermann et al., 1997 , Algaba et al., 1999a , 1999b . In addition Schecter studies unfoldings of some closely related codimensiontwo bifurcations: a saddle-node/homoclinic bifurcation is examined by Schecter [1987] , while Schecter [1990 Schecter [ , 1992 Schecter [ , 1993 looks at cases with a single heteroclinic connection between a hyperbolic and a nonhyperbolic saddle but no global reinjection of orbits to allow the formation of a heteroclinic cycle. Algaba et al. [1999b] used a modification of Schecter's method to study a case where a heteroclinic cycle is formed; this work is closely related to the present paper and is discussed further in the context of other steady state/Hopf bifurcations in Sec. 4. In this section we also show that a saddle-node/heteroclinic bifurcation occurs locally in an unfolding of the hysteresis/Hopf bifurcation, and show that analogous behavior in unfoldings of the pitchfork/Hopf bifurcation may be prevented by symmetry constraints. The paper concludes in Sec. 5 with a discussion of our results and of their relevance to systems with steady state/Hopf bifurcations but not the S 1 normal form symmetry. We also discuss the work of Sturis and Brøns [1997] on glycolytic oscillations where a similar phenomenon involving equilibria at infinity is identified and analyzed.
In addition to the type of saddle-node/pitchfork interaction that occurs at (λ, µ) = (0, 0) in Eqs. (1), there is one more case of the interaction that produces a periodic orbit, with a normal form for this case beinġ
for constants a and ε with a < 0. It turns out that this is the normal form for the saddlenode/pitchfork interaction that takes place at point C in Fig. 1 , and certain aspects of the dynamics associated with this case are therefore included in the discussion of Eqs.
(1) that follows. A complete discussion of this case is complicated by the fact that in the normal form equations truncated at quadratic order the amplitude of the oscillations diverges, implying that the oscillations must interact with other invariant sets if they are to remain bounded; the details of this interaction fall outside of normal form analysis. However, as will be shown below, oscillations near the point C in Fig. 1 terminate in a global bifurcation on the line µ = 4/27ε 2 of saddle-node bifurcations, and the global bifurcation only detaches from this line far from C. This case arises, for example, in the work of Knobloch and Moore on the interaction of traveling wave convection with steady convection in binary fluid mixtures [Knobloch & Moore, 1990 , and similar behavior is believed to occur in that system.
A Saddle-Node/Heteroclinic Bifurcation in Eqs. (1)
In this section we consider the bifurcation set associated with Eqs.
(1) (see Fig. 1 ) and show that there is precisely one point on the line of saddlenode bifurcations at µ = 4/27ε 2 at which there is a saddle-node/heteroclinic bifurcation, i.e. a point where the unstable manifold of the hyperbolic saddle coincides with the strong stable manifold of the nonhyperbolic saddle. From this we conclude that the curve of heteroclinic bifurcations emerging from the saddle-node/pitchfork bifurcation at (λ, µ) = (0, 0) does indeed terminate on the line 2 ; H is zero on the z-axis and on the heteroclinic connection between the upper and lower fixed points on the z-axis, and takes its minimum value at the off-axis fixed point. (b) Phase portrait for Eqs. (1) at point A, i.e. for same parameters as in (a).
of saddle-node bifurcations (at λ ≈ 1) rather than at the second saddle-node/pitchfork bifurcation at (λ, µ) = (2a/3ε, 4/27ε 2 ).
In order to show that there is at least one point on the line µ = 4/27ε 2 at which a saddlenode/heteroclinic bifurcation occurs we compare phase portraits at various points along this line. At all points on this line the dynamics has two fixed points on the z-axis; the fixed point at z = 1/3ε (hereafter called the upper fixed point) is hyperbolic except at an isolated value of λ, while the fixed point at z = −2/3ε (hereafter called the lower fixed point) is nonhyperbolic everywhere on this line. We focus on the behavior near two points on this line: the point A where (λ, µ) = (0, 4/27ε 2 ) and a point B where (λ, µ) = ((2a/3ε) − δ, 4/27ε 2 ) for some small positive δ (i.e. just before the lower fixed point and the off-axis fixed point coalesce). Figure 1 shows the location of these points.
To determine the dynamics at point A, we consider the quantity
At point A level curves of H take the form shown in Fig. 2(a) . Since λ = 0,
along solutions of Eqs. (1), and this quantity is nonpositive since a, ε > 0. Thus trajectories corresponding to Eqs.
(1) with λ = 0 cross the level curves of H "inward", i.e. toward lower values of H. In particular, for µ = 4/27ε 2 in Eqs.
(1), the unstable manifold of the upper fixed point lies inside the level curve H = 0 while the strong stable manifold of the lower fixed point lies outside this level curve. The phase portrait is, qualitatively, as shown in Fig. 2(b) . To determine the dynamics at point B, we draw nullclines for Eqs. (1) as shown in Fig. 3(a) . The unstable manifold of the upper fixed point lies above the nullcline corresponding toż = 0 and therefore must pass down and right in the (r, z) plane until it crosses the line z = −(2/3ε) + (δ/a) (i.e. thė r = 0 nullcline); it does so at a value of r greater than the maximum r value obtained by the upper bulb of theż = 0 nullcline. On the other hand, as δ → 0 the lower fixed point coalesces with the fixed point lying off the z-axis, so for sufficiently small δ, the strong stable manifold of the lower fixed point originates at or near the off-axis fixed point and in particular must lie "inside" the unstable manifold of the upper fixed point as shown in Fig. 3(b) .
Comparing the relative positions of the unstable manifold of the upper fixed point and the strong stable manifold of the lower fixed point at points A and B, we see that the two invariant manifolds must coincide somewhere on the line of saddle-node bifurcations between them, i.e. there is at least one point on the line µ = 4/27ε 2 at which the unstable manifold of the upper fixed point coincides with the strong stable manifold of the lower fixed point.
To show that there is only one point at which there is such a heteroclinic connection, we note that the z-component of the vector field (1) is independent of λ, while at any fixed values of r and z, the r-component increases monotonically with λ. Thus at any point in the (r, z) plane (with r > 0) outside theż = 0 nullcline (soż < 0) the vector field rotates anticlockwise as λ increases. Since both the unstable manifold of the upper fixed point and the strong stable manifold of the lower fixed point lie in this region, it follows that there cannot be more than one value of λ on the line of saddle-node bifurcations at which there is a heteroclinic connection involving the unstable manifold of the upper fixed point and the strong stable manifold of the lower fixed point.
3. An Unfolding of a Saddle-Node/Heteroclinic Bifurcation
In this section, we use a return map construction to analyze the following structurally unstable situation. Assume there are two fixed points lying on an invariant axis (call this the z-axis). The upper fixed point is assumed to be hyperbolic and is denoted P + . The lower fixed point is nonhyperbolic, assumed to be undergoing a saddle-node bifurcation, and is denoted P − . Two heteroclinic connections between the fixed points are assumed to exist, one lying within the invariant z-axis and connecting P − to P + , and the other lying off the axis and connecting P + to P − . See Fig. 4(b) . The connection from P − to P + is assumed to be structurally stable, i.e. in all that follows we require that P + and P − remain on the z-axis and that the z-axis remains invariant. By contrast, the connection from P + to P − is structurally unstable and may be removed by suitable perturbations to the system. To unfold this degenerate vector field, we need to consider two effects. First, to unfold the saddlenode bifurcation, we include a parameter η: if η = 0 there is one nonhyperbolic equilibrium P − ; if η < 0 P − splits into two nearby hyperbolic equilibria; and if η > 0 there are no equilibria in a neighborhood of the original P − . Second, to break the structurally unstable heteroclinic connection we introduce a parameter σ: when η = 0, σ controls the reinjection of the unstable manifold of P + relative to the stable manifold of P − . Specifically, we assume that when η = 0, for σ > 0 the unstable manifold of P + comes in above the strong stable manifold of P − , for σ = 0 the unstable manifold of P + and the strong stable manifold of P − coincide, while for σ < 0 the strong stable manifold of P − lies above the unstable manifold of P + . See Fig. 4 .
We use a standard technique to investigate the dynamics near the degenerate saddlenode/heteroclinic bifurcation, i.e. the construction and analysis of a return map that approximates the dynamics near the degeneracy (in parameter space and in phase space). We first define local surfaces of section near both P + and P − . We then calculate local maps that approximate the dynamics near each fixed point and global maps that model the dynamics near each of the heteroclinic connections. Composing these maps in an appropriate order yields a return map that approximates the dynamics near our degenerate vector field.
Construction of a return map
We first define local coordinates and construct local surfaces of section near P + and P − . Near P − we use local coordinates (r,z) and define the surfaces Σ 0 = {(r,z)|r = δ} and Σ 1 = {(r,z)|r > 0,z = δ}, where δ is a small positive constant. Near P + , we again use local coordinates (r,z) and define Σ 2 = {(r,z)|r > 0,z = −δ} and Σ 3 = {(r,z)|r = δ}. Note that the local coordinate r corresponds to the radial coordinate in Eqs. (1) while the local coordinatez is a translation of the z-coordinate. For the sake of clarity, we now drop the tildes from these coordinates.
The dynamics near P − is approximated by a local flow defined by the equationṡ
for some λ 1 > 0 and for η as defined above. Observe that the second of these equations is nonlinear, a consequence of the fact that at η = 0 the fixed point P − is nonhyperbolic. We restrict to values of η near zero, and specifically require |η| δ. We take an initial point (r, z) = (δ, z 0 ) ∈ Σ 0 and calculate its image on Σ 1 under the approximate flow (4); this yields a local map T 01 : Σ 0 → Σ 1 . There are three cases to consider depending on whether η > 0, η = 0 or η < 0. In the former case there are no fixed points near the original point P − ; the point is degenerate when η = 0 and bifurcates into two when η < 0. After some algebra including simplification using standard trigonometric (double angle) formulae, the map T 01 is given by
In view of the assumption |η| δ we may in the following approximateδ by δ.
We next take the above point, denoted by (r 1 , δ) ∈ Σ 1 and map it along the unstable manifold of P − to Σ 2 . Since the line r = 0 is invariant under the dynamics the approximate map T 12 : Σ 1 → Σ 2 is, to lowest order in r 1 ,
where α > 0 is a constant.
The map T 23 : Σ 2 → Σ 3 is approximated by a local flow, this time the hyperbolic flow near P + : r = λ 2 r ,ż = −λ 3 z , for some λ 2 , λ 3 > 0. This flow maps Σ 2 to Σ 3 according to
Finally, we construct the global map Σ 3 → Σ 0 . We assume that the reinjection of the unstable manifold of P + near P − is independent of the value of η. Then considering the known relative positions of the invariant manifolds of P + and P − in the case η = 0 (specifically, the unstable manifold of P + comes in above the strong stable manifold of P − when σ > 0, coincides with the strong stable manifold of P − when σ = 0, and lies below the strong stable manifold of P − when σ < 0) and linearizing the flow around the global connection assumed to be present at σ = 0, we obtain the following approximate map (to lowest order in z 3 , σ):
where β < 0, γ > 0. Without loss of generality we set γ = 1. Composition of these maps yields three return maps T ±,0 : Σ 0 → Σ 0 (one return map for each case of η):
wherẽ
The map (6) (resp. (7)) is valid for z > 0 (resp. z > √ −η) only; for z ≤ 0 (resp. z ≤ √ −η) solutions are necessarily attracted to the nonhyperbolic fixed point at z = 0 (resp. the lower of the two fixed points near z = 0), and hence cease to cycle through the system.
Analysis of the return maps
The return maps (5)- (7) approximate the behavior of solutions that pass near P + and P − when η and σ are small, i.e. for parameter values near the degenerate saddle-node/heteroclinic bifurcation. The existence of a fixed point of the return map implies the existence of a corresponding periodic orbit in the underlying flow passing near P + and P − . If the fixed point is stable (unstable) so is the corresponding periodic orbit.
(i) The case η > 0. We may simplify this case using a linear approximation to the map near z = 0. Retaining just the constant and linear terms of the Taylor expansion of (5) about z = 0, and noting that λ 1 λ 3 π/2λ 2 √ η ∼ η −1/2 1 and √ η δ we seek solutions of
which yields
Thus there is a fixed point of this return map near z = 0 for any value of σ near zero (and η > 0). Since the derivative of the right-hand side of (8) at z = 0 is small and positive this fixed point is always stable.
(ii) The case η = 0. Here any fixed points satisfy
Hence a fixed point with 0 < z δ is present for all sufficiently small σ > 0. The quantity −λ 1 λ 3 /λ 2 z is large and negative when z ≈ 0; it follows that this fixed point is always stable. There are no fixed points when σ ≤ 0. 
As in the case η > 0, we may simplify this case by considering a linear approximation to the map, this time near z = √ −η. We see that the derivative of the right-hand side of (9) at z = √ −η is zero and hence a fixed point of the return map exists for z > √ −η for all σ > √ −η. The near-zero slope of (9) at the fixed point ensures the fixed point is strongly stable.
The existence and stability of fixed points in the return map implies existence and stability of corresponding periodic orbits in the flow. We have thus shown that for sufficiently small η and σ there is a stable periodic orbit passing near P + and P − in each of the cases (i) η < 0, σ > √ −η, (ii) η = 0, σ > 0, and (iii) η > 0, all small σ. No other cases yield such periodic orbits. Our results are summarized by the bifurcation set and phase portraits shown in Fig. 5 . As a result of this analysis we are now able to draw the bifurcation diagrams corresponding to the one-parameter cuts labeled I and II in Fig. 1 ; these are shown in Fig. 6 . 
Saddle-Node/Heteroclinic Bifurcations in Normal Forms for Other Steady State/Pitchfork Bifurcations
In Sec. 2 we showed that there is an isolated point in the bifurcation set of Eqs.
(1) at which there is a certain type of saddle-node/heteroclinic bifurcation and in Sec. 3 we showed that emanating from such a codimension-two point we generically expect to see only those codimension-one bifurcation curves already identified in the bifurcation set shown in Fig. 1 . In particular, there is a codimension-one curve on which there is simultaneously a saddlenode bifurcation of fixed points and the destruction of a large amplitude periodic orbit. In the context of the saddle-node/Hopf bifurcation this orbit corresponds to a quasiperiodic solution. However, in either case the saddle-node/heteroclinic bifurcation occurs for parameter values far from the interaction and is not normally regarded as part of the normal form dynamics. As we now show, this is not so in the codimension-three hysteresis/pitchfork or hysteresis/Hopf bifurcations, where this phenomenon is present locally in unfoldings of the instability. After conversion to polar coordinates, decoupling of the angular variable and truncation at third order, the unfolded normal form for the hysteresis/Hopf bifurcation iṡ
where a , b, c are nonzero constants and λ , µ 1 , µ 2 are the unfolding parameters. The dynamics associated with this normal form can be understood by picking µ 2 = k for some small nonzero constant k, i.e. by taking two-dimensional slices through the three-dimensional parameter space. We are particularly interested in the case that a > 0, and b, c < 0. Picking k > 0, making the change of coordinates
and setting λ = λ + a −k/3b, µ = µ 1 √ −3bk + (2/3)k 2 , a = a −1/3bk and ε = 1/3k, we recover Eqs. (1). We conclude that the bifurcation set associated with Eqs. (10) for the case a > 0, b, c < 0 and µ 2 = k > 0 is just a rescaled version of the bifurcation set in Fig. 1 ; in this case the saddle-node bifurcations are at µ 1 = ± 2 3 k −k 3b and the saddle-node/pitchfork points are at
Furthermore, as k → 0 the two saddle-node/ pitchfork bifurcations seen in the bifurcation set come together as the whole bifurcation set shrinks. Thus, the codimension-two saddle-node/heteroclinic bifurcation studied in the earlier sections will occur arbitrarily close to the codimension-three hysteresis/pitchfork degeneracy (hysteresis/Hopf if the angular variable is included); it is thus a local phenomenon that will occur generically in unfolded normal forms for this type of bifurcation. Moreover, this phenomenon will also occur generically in the unfolded normal form for the hysteresis/pitchfork bifurcation when a < 0 and b, c > 0, since this case can be obtained from the previous one by reversal of time and an appropriate redefinition of the parameters. The remaining cases of the hysteresis/pitchfork interaction correspond to saddle-node/pitchfork bifurcations of a different type than the one of interest here and do not contain the saddle-node/heteroclinic bifurcation in their unfoldings. In contrast, the additional reflection symmetry present in the pitchfork/pitchfork equations restricts the possibilities for analogous phenomena. The codimension-two simultaneous saddlenode/heteroclinic bifurcation that was associated with the saddle-node/pitchfork equations occurred when the unstable manifold of a hyperbolic saddle coincided with the strong stable manifold of a nonhyperbolic saddle. If there is a reflection symmetry in the problem, the strong stable manifold of the nonhyperbolic saddle may be an invariant axis fixed by the reflection symmetry, in which case it cannot be involved in a heteroclinic bifurcation with another equilibrium. We illustrate the type of situation we envisage with an example taken from [Batiste et al., 2001] . That paper considers the equationsv
where z is a real variable, v is a complex variable, and µ and ν are real parameters. Writing v = ye iθ , we can derive equations forẏ andθ, and see that θ decouples from the equations forẏ andż, leaving the two-dimensional vector fielḋ
A partial bifurcation set and phase portraits for Eqs. (12) is shown in Fig. 7 . There is a pitchfork/pitchfork bifurcation at (µ, ν) = (0, 0), corresponding to pitchfork/Hopf in the threedimensional system, and a saddle-node/pitchfork bifurcation at (µ, ν) = (−1, 1). The saddlenode/pitchfork bifurcation has normal form given by Eqs. (1) and we see that the bifurcation set near (µ, ν) = (−1, 1) in Fig. 7 is qualitatively the same as the bifurcation set near (µ, λ) = (0, 0) in Fig. 1 . In particular, there is a curve of heteroclinic bifurcations (labeled "Het" in Fig. 7 ) leaving the saddle-node/pitchfork instability and coming close to the line µ = 0 of pitchfork bifurcations. The numerical work presented by Batiste et al. [2001] suggests that the curve "Het" terminates at the pitchfork/pitchfork instability rather than elsewhere on the line µ = 0, a behavior unlike that seen in Fig. 1 . In fact it is straightforward to prove that the curve "Het" cannot terminate on the line µ = 0 except at the pitchfork/pitchfork bifurcation. At all (µ, ν) with µ = 0 and ν ∈ (0, 1), the phase portrait and nullclines for Eqs. (12) are as shown in Fig. 8 , i.e. there is a hyperbolic saddle at (y, z) = (0, √ 2) and a nonhyperbolic saddle at the origin. The stable manifold of the origin is forced by the reflection symmetry to lie on the y axis, while the unstable manifold of the saddle at (0, √ 2) is bounded in the y direction by the position of the nullcline on whichẏ = 0. Thus there cannot be a heteroclinic connection from the hyperbolic saddle to the nonhyperbolic saddle while these points are distinct, i.e. there is no codimensiontwo pitchfork/heteroclinic bifurcation in this system analogous to the saddle-node/heteroclinic bifurcation seen in Eqs. (1).
We emphasize that the argument given in the previous paragraph does not rule out the possibility of a steady state/heteroclinic bifurcation occurring in a system with reflection symmetry, but does show that there are restrictions on where the equilibria involved in such a bifurcation (and their invariant manifolds) may be relative to the subspace fixed by the reflection. For instance, Algaba et al. [1999a Algaba et al. [ , 1999b find examples of steady state/heteroclinic bifurcations in their studies of the pitchfork/Hopf bifurcation, but in these cases the invariant manifold of the nonhyperbolic equilibrium involved in the heteroclinic bifurcation is not contained in the reflection-invariant subspace.
The behavior associated with the transcritical/pitchfork bifurcation need not be discussed separately, as it reduces to that associated with the saddle-node/pitchfork equations. Specifically, after decoupling the angular variable, the cubic truncation of the normal form for the transcritical/Hopf bifurcation iṡ
where a is a real constant, b = ±1, and λ and µ are the unfolding parameters. The transformation
reduces Eqs. (13) to an unfolded normal form for the saddle-node/pitchfork bifurcation, with a straightforward relationship between λ and µ in Eqs. (13) and the unfolding parameters in the new saddle-node/pitchfork normal form. Thus the saddle-node/heteroclinic bifurcation of interest in this note will also occur in equations arising in appropriate cases of the transcritical/pitchfork bifurcation, but must necessarily be nonlocal, i.e. it cannot occur in a neighborhood of the transcritical/pitchfork instability.
Discussion and Conclusions
In this note we have examined a bifurcation that occurs in some two-dimensional vector fields, namely a codimension-one bifurcation where there is the simultaneous creation of a pair of equilibria and the destruction of a large amplitude periodic orbit. Our motivation for this study was the observation of this phenomenon in the unfolding of a certain case of the saddle-node/pitchfork bifurcation and the fact that analogous behavior is not observed in a closely related vector field containing both a saddle-node/pitchfork and a pitchfork/pitchfork instability [Batiste et al., 2001] . We have shown that in the saddle-node/pitchfork equations this bifurcation emanates from a codimension-two point where the unstable manifold of a hyperbolic saddle coincides with the strong stable manifold of a nonhyperbolic saddle, and have further shown that in some systems such a codimension-two point is forbidden. Taken together these results explain the absence of a pitchfork/heteroclinic bifurcation in the system studied by Batiste et al. [2001] .
At first sight it may seem surprising that a bifurcation that both creates equilibria in a local bifurcation and destroys a periodic orbit in a global bifurcation can be of codimension one, but the analysis in Sec. 3 shows this is indeed the case. Similar phenomena have been observed in other twodimensional vector fields arising in local bifurcation theory [Langford, 1983; Dangelmayr et al., 1985; Schecter, 1987 , Krauskopf & Rousseau, 1997 Sturis & Brøns, 1997; Zimmermann et al., 1997; Algaba et al., 1999a Algaba et al., , 1999b . Of particular relevance to our study is the paper of Sturis and Brøns [1997] on some models of glycolytic oscillations, in which a stable periodic orbit blows up and disappears when there is a saddle-node bifurcation of equilibria at infinity. The mechanism for the destruction of the periodic orbit is the same as that in the bifurcation diagram shown in Fig. 6(b) , except that the equilibria involved in the heteroclinic bifurcation are at infinity. Sturis and Brøns show that their model has a codimension-two saddle-node/heteroclinic bifurcation and locate numerically the bifurcation curves leaving the codimension-two point and also the nearby Hopf bifurcation. Although the underlying phenomena identified by Sturis and Brøns [1997] are very similar to ours, the fact that the equilibria are at infinity leads to some surprisingly different results. In particular, the rate at which the period P of the oscillation diverges as the global bifurcation is approached differs in the two cases: if the bifurcation parameter is denoted by µ and the saddle-node bifurcation occurs at µ = µ * then in case (b) in Fig. 6 , P ∼ |µ − µ * | −1/2 , while in the analogous situation in [Sturis & Brøns, 1997 ] P ∼ |µ − µ * | −1 . In contrast, when the periodic orbit is destroyed in a pure heteroclinic bifurcation (cf. case (a) in Fig. 6 ) the scaling of P with the bifurcation parameter is the same in both our model and that of Sturis and Brøns [1997] , viz. P ∼ − ln |µ − µ * |.
The examples of this type of phenomenon discussed and cited above all occur in two-dimensional vector fields, raising the interesting question as to what happens when this type of dynamics occurs in higher-dimensional systems of ordinary differential equations or in partial differential equations. We can see the phenomenon in a trivial way in a three-dimensional system by merely including the decoupled angular variable that we ignored when deriving Eqs. (1) for the saddle-node/Hopf instability; in this case the bifurcation set will be the same but the heteroclinic bifurcation that occurs when appropriate stable and unstable manifolds of the equilibria coincide destroys a two-torus of quasiperiodic solutions rather than a periodic orbit. However, when the normal form symmetry in the steady state/Hopf bifurcation is broken and the angular variable no longer decouples the situation becomes more interesting. In this case, the bifurcation set changes in a number of ways including the splitting of the heteroclinic bifurcation into a pair of curves marking the loci of first and last heteroclinic tangency between the invariant manifolds [Guckenheimer, 1981; Kirk, 1991; Gaspard, 1993] . Consequently the codimension-two point at which the curve of heteroclinic bifurcations meets the line of saddle-node bifurcations splits into two codimension-two points, corresponding to the intersection of the loci of first and last tangency with the curve of saddle-node bifurcations. In addition, the two-torus of quasiperiodic solutions will not persist over as large a range of parameters as in the case with no angular coupling, and the pair of heteroclinic tangencies can be thought of as organizing the sequence of local and global bifurcations that lead to the destruction of the torus [Kirk, 1991] . In the two-dimensional system (or the trivially threedimensional system) the codimension-one saddlenode/heteroclinic bifurcation provides a mechanism for the destruction of the periodic orbit (torus, in the three-dimensional case), with the periodic orbit created in a Hopf bifurcation and destroyed in either a codimension-one heteroclinic bifurcation or in a codimension-one simultaneous saddle-node and global bifurcation. The above argument shows that an analogous phenomenon occurs in fully threedimensional systems: a torus of quasiperiodic solutions is created in a secondary Hopf bifurcation and then destroyed in a sequence of bifurcations that are organized by codimension-one curves of first and last tangency or by a codimension-one simultaneous saddle-node and global bifurcation. In the saddle-node/Hopf instability this behavior also occurs away from the mode-interaction point, but in the hysteresis/Hopf instability it will occur arbitrarily close to it.
As far as we know the phenomenon discussed in this note has not been reported in the context of partial differential equations. Here the situation is potentially much more complicated, and a normal form analysis of the type performed here is likely to apply in small regions near the mode interaction
